We study topological open string amplitudes on orientifolds without fixed planes. We determine the contributions of the untwisted and twisted sectors as well as the BPS structure of the amplitudes. We illustrate our general results in various examples involving D-branes in toric orientifolds. We perform the computations by using both the topological vertex and unoriented localization. We also present an application of our results to the BPS structure of the coloured Kauffman polynomial of knots.
Introduction
Geometric or large N transitions relating open and closed topological string theories [13] have had a deep impact in the study of topological strings, and they have led to the first systematic solution of these models on noncompact, toric Calabi-Yau threefolds through the topological vertex of [2] (see [31, 36] for a review). The study of topological strings on Calabi-Yau orientifolds was initiated in [40] , where an orientifold of the geometric transition of [13] relating the deformed and the resolved conifold was studied in detail, and continued in [1] from the B-model point of view. The geometric transition of [13] can be extended to more general toric geometries [4, 7, 8, 3] , and in [5] we proposed in fact a general class of large N dualities involving orientifolds of non-compact toric Calabi-Yau threefolds. These dualities involve U (N ), SO(N ) and Sp(N ) Chern-Simons gauge theories, and they make possible the computation of unoriented string amplitudes. The results obtained through large N dualities were also checked in [5] against independent localization computations.
Moreover, we found a topological vertex prescription to compute these amplitudes directly, extending in this way the general formalism of the topological vertex to include the case of orientifolds without fixed planes.
In this paper we continue the study of topological string amplitudes on orientifolds initiated in [5] . Our main goal is to extend the results in [5] to topological open strings on orientifolds without fixed points. In other words, we consider orientifolds of non-compact Calabi-Yau threefolds with D-branes.
An important property of topological string amplitudes is that they have an integrality structure related to the counting of BPS states, as it was first realized by Gopakumar and Vafa [14] in the case of closed string amplitudes. The integrality structure in the open case was studied in [38, 25] . As a first step in our study of topological string amplitudes on orientifolds without fixed planes we analyze their BPS structure. What we find is that the total orientifold amplitude is the sum of an oriented amplitude (the untwisted sector) and an unoriented amplitude (the twisted sector) with different integrality properties. We explain how to compute the contribution of the twisted sector in the open case. We also spell out in detail the integrality properties of the twisted sector contributions.
This integrality structure provides a strong requirement on topological open string amplitudes, and we check it explicitly on various examples involving orientifolds with Dbranes. To compute these open string amplitudes we use the new vertex rule introduced in [5] . We also compute the associated Gromov-Witten invariants using independent localization techniques developed in [9, 5] , and find perfect agreement with the results obtained with the vertex.
One of the most interesting applications of the large N duality between open and closed topological strings consists in the determination of structural properties of knot and link invariants related to the BPS structure of open topological strings. For example, from the results of [38, 25] one can deduce structure theorems for the coloured HOMFLY polynomial of knots and links. The large N duality on orientifolds now involves SO(N ) and Sp(N ) Chern-Simons theories. Therefore, the BPS structure of the amplitudes should lead to the determination of structural properties of a different type of knot and link invariant: the coloured Kauffman polynomial [20] . Although for arbitrary knots and links we cannot determine in detail the structure of the untwisted sector, we are able to derive general structural results for the coloured Kauffman polynomial. We test again these predictions on various examples involving torus knots.
The paper is structured as follows. In section 2, we explore the BPS content of closed and open topological string amplitudes on orientifolds and formulate their structural properties. We then compute explicitly the amplitudes for various examples in section 3: the SO/Sp framed unknot, the SO/Sp framed Hopf link, and an outer brane in IP 2 attached to IRIP 2 . The independent localization computations we provide for all these examples corroborate our methods and proposals. In section 4 we formulate structural properties of the coloured Kauffman polynomial. We discuss our results and propose new avenues of research in section 5. Finally, Appendix A contains useful formulae, while in Appendix B we give a full proof of the identity that was conjectured (and partially proved)
in [5] ; this identity shows that the new vertex rule introduced in [5] to compute amplitudes on orientifolds agrees with the results of large N SO/Sp transitions. Appendix C lists some results for BPS invariants coming from SO Chern-Simons theory.
Topological open string amplitudes in orientifolds

BPS structure of topological string amplitudes
One of the most important results of topological string theory is the fact that topological string amplitudes have an integrality, or BPS structure, which expresses them in terms of numbers of BPS states. Let us briefly review the known results for both open and closed strings.
In the case of topological closed strings on Calabi-Yau threefolds, the BPS structure was obtained by Gopakumar and Vafa in [14] . Let us denote by F g (t) the topological string free energy at genus g, where t denotes the set of Kähler parameters of the Calabi-Yau threefold X, and let
be the total free energy. Then, one has the following structure result:
2)
where q = e ig s , the sum over β is over two-homology classes in X, and n g β (the so-called Gopakumar-Vafa invariants) are integers. The factor (q
2g comes from computing a signed trace over the space of differential forms on a Riemann surface of genus g, while the factor (q
comes from a Schwinger computation [14] .
For open string amplitudes, the structure of the amplitudes was found in [38, 25] and is much more delicate.
To define an open string amplitude we have to specify boundary conditions through a set of submanifolds of X, S 1 , · · · , S L . To each of these submanifolds we associate a source V ℓ , ℓ = 1, · · · , L, which is a U (M ) matrix. The total partition function is given by
where R α denote representations of U (M ) and we are considering the limit M → ∞.
The amplitudes Z (R 1 ,···,R L ) can be computed in the noncompact, toric case by using the topological vertex [2] . According to the correspondence proposed in [38] , they are given in some cases by invariants of links whose components are coloured by representations
The free energy is defined as usual by
and is understood as a series in traces of V in different representations. We define the generating function f (R 1 ,···,R L ) (q, λ) through the following equation:
The main result of [25] is that f (R 1 ,···,R L ) (q, e −t ) is given by:
(2.6)
In this formula R α , R ′ α , R ′′ α label representations of the symmetric group S ℓ , which can be labeled by a Young tableau with a total of ℓ boxes. c R R ′ R ′′ are the Clebsch-Gordon coefficients of the symmetric group, and the monomials S R (q) are defined as follows. If R is a hook representation (2.7) with ℓ boxes in total, and with ℓ − d boxes in the first row, then 8) and it is zero otherwise. Finally, N (R 1 ,···,R L ),g,β are integers associated to open string amplitudes. They compute the net number of BPS domain walls of charge β and spin g transforming in the representations R α of U (M ), where we are using the fact that representations of U (M ) can also be labeled by Young tableaux. It is also useful to introduce a generating functional for these degeneracies as in [25] :
We then have the relation: 10) where the matrix M RR ′ (q) is given by
and it is symmetric and invertible [25] . The f (R 1 ,···,R L ) introduced in (2.5) can be extracted from Z (R 1 ,···,R L ) through a procedure spelled out in detail in [23, 24, 25] . One has, for example, 11) where 0 denotes the trivial representation. As it was emphasized in [23, 24, 25] , this structure result has interesting consequences for knot theory, since it implies a series of integrality results for knot and link invariants. We will come back to this issue in section 4.
BPS structure of topological strings on orientifolds
We want to understand now the corresponding BPS structure of closed and open topological string amplitudes on orientifolds without fixed points, like the ones considered in [40, 1] . In [5] the closed case was studied in detail, in the noncompact case, by using large N transitions and the topological vertex. Let us denote by X/I the orientifold obtained by an involution on X. The total free energy has in this case the structure
where g s is the string coupling constant. In the r.h.s. of this equation, the first summand is the contribution of the untwisted sector, and it involves the free energy F (X, g s ) of the covering X of X/I, after suitably identifying the Kähler classes in the way prescribed by the involution I. This piece of the free energy has an expansion identical to (2.2), but due to the factor 1/2 it involves half-integers instead of integers. The second summand, that we call the unoriented part F (X/I, g s ) unor , is the contribution of the twisted sector, and involves the counting of holomorphic maps from closed non-orientable Riemann surfaces to the orientifold X/I. The Euler characteristic of a closed Riemann surface of genus g and c crosscaps is χ = −2g + 2 − c where c is the number of crosscaps. We then have
unor , (2.13) which corresponds to the contributions of one and two crosscaps. Following the arguments in [14] we predict the following structure
where n g,c β are integers. The ± sign in the c = 1 free energy is due to the two different choices for the sign of the crosscaps, and the restriction to d odd comes, in the case of c = 1, from the geometric absence of even multicoverings. In the c = 2 case this was concluded from examination of different examples. The structure results in (2.12), (2.13) and (2.14) were tested in [5] through detailed computations in noncompact geometries.
We now address the generalization to open string amplitudes in orientifolds. We first consider for simplicity the case of a single boundary condition in the orientifold X/I associated to a topological D-brane wrapping a submanifold S. As in the closed string case, the total open string amplitude will have a contribution from untwisted sectors, and a contribution from twisted sectors. We will then write
15)
The contribution from the untwisted sector, F or (V ), involves the covering geometry, which will be given by X, the submanifold S, and its image under the involution I(S). In other words, the covering amplitude will involve now two different sets of D-branes, in general.
The covering geometry with two sets of branes has the total partition function Since the two D-branes in S and I(S) are related by an involution, the two-brane amplitude in (2.16) is symmetric under their exchange, i.e. we have
In order to obtain F or (V ) we have to make the identification of both closed and open string moduli under the involution I. This means identifying the Kähler parameters that appear in C R 1 R 2 (the closed background) but also setting
We then find
where
Here we have used that 2.20) and N R R 1 R 2 are tensor product coefficients. In (2.19) we also used these coefficients to define skew coefficients with labels R/R ′ , as in (A.7). If we denote C R ≡ C R· , we have for
It turns out that the quantities Z or R defined in this way have the integrality properties of a one-brane amplitude, as it should. One finds, for example,
In these equations, the superscript "cov" refers to quantities computed from the two-brane amplitude C R 1 R 2 according to the general rules for open string amplitudes in the usual, oriented case explained above. One can easily verify from the integrality properties of f R 1 R 2 as a 2-brane amplitude that indeed f or R has the integrality properties of a one-brane amplitude. In fact, using the identity
we can write
where we put f R0 ≡ (q
We would like to determine now the structural properties of F unor (V ). This is indeed very easy. The analysis of [25] to determine the structural properties of F (V ) in the usual oriented case was based on an analysis of the Hilbert space associated to an oriented Riemann surface Σ g,ℓ with ℓ holes ending on S and in the relative homology class β ∈ H 2 (X, S). The relevant Hilbert space turns out to be
where J g,ℓ = T 2g+ℓ−1 is the Jacobian of Σ g,ℓ , F is a copy of the fundamental representation of the gauge group, M g,ℓ,β is the moduli space of geometric deformations of the Riemann surface inside the Calabi-Yau manifold, and Sym means that we take the completely symmetric piece with respect to permutations of the ℓ holes. Since the bulk of the Riemann surface is not relevant for the action of the permutation group, we can factor out the cohomology of the Jacobian T 2g . The projection onto the symmetric piece can easily be done using the Clebsch-Gordon coefficients c R R ′ R ′′ of the permutation group S ℓ [12] , and one finds
where S R is the Schur functor that projects onto the corresponding subspace. The space S R (F ⊗ℓ ) is nothing but the vector space underlying the irreducible representation R of
gives the hook Young tableau, and the Euler characteristic of
) is the integer invariant N R ′′ ,g,β . Therefore, the above decomposition corresponds very precisely to (2.6) (here we are considering for simplicity the one-brane case).
In the case of an unoriented Riemann surface, the above argument goes through, with the only difference that now the Jacobian is J g,c,ℓ = T 2g−1+ℓ+c , where c = 1, 2 denotes the number of crosscaps. Therefore, the analysis of the cohomology associated to the boundary is the same. We then conclude that 27) and using again (2.10) one can obtain new functions
with contributions from one and two crosscaps: 31) and one wants to find the unoriented contribution to the amplitude after subtracting the oriented contribution. The above formulae give a precise prescription to compute f unor R
.
The results one finds, up to three boxes, are the following:
and
The above considerations are easily extended to the case in which we have L sets of D-branes in the orientifold geometry. The covering amplitude involves now 2L D-branes, and reads
The oriented amplitude is obtained by identifying the moduli in pairs under I, and is given
The equations (2.15), (2.27) and (2.30) generalize in an obvious way, but now we have
where the extra L − 1 factors of q
have the same origin as in (2.9).
Examples of open string amplitudes
In this section we study in detail some examples and verify the above formulae for the unoriented part of the free energy. In order to do that, we have to compute the total amplitudes Z R in orientifold geometries. These amplitudes can be obtained in three ways:
by using the unoriented localization methods of [9, 5] , by using mirror symmetry [1] , and by using Chern-Simons theory and the topological vertex. For the examples of open string amplitudes studied in this section we will use the topological vertex of [2] , which can be adapted to the orientifold case [5] , and also localization. We first summarize very briefly the results of [5] on the topological vertex on orientifolds, and then we study in detail three examples. Finally we check some of the topological vertex results with unoriented localization. Let us consider a quotient X/I of a local, toric Calabi-Yau manifold X by an involution I without fixed points which can be represented as in fig. 1 . We have a bulk geometry,
The topological vertex on orientifolds
represented by the blob, attached to an IRIP 2 through an edge with representation S. Let us denote by O S the amplitude for the blob with the external leg. In [5] we proposed the following formula for the total partition function:
where the sum is over all self-conjugate representations S. Here r(S) denotes the rank of S, Q is the exponentiated Kähler parameter corresponding to the IRIP 2 , and the ∓ sign is correlated with the choice of ± sign for the crosscaps. In [5] the above prescription was used to compute closed string amplitudes, and we conjectured the following identity:
is the SO/Sp Chern-Simons expectation value of the Hopf link with linking number +1 (after setting the Chern-Simons variable λ defined in (4.4) to be λ = Q −1 ), and S
is the partition function of SO/Sp Chern-Simons theory on S 3 . We refer the reader to [31, 5] for explicit formulae for the Hopf link invariants. The identity (3.2) was used in [5] to show that the results obtained with (3.1) coincide with those that are obtained from large N transitions involving SO/Sp gauge groups. In the examples that follow we will use (3.1) to compute open string amplitudes on orientifolds, making use as well of the identity (3.2). We provide a proof of (3.2) in Appendix B. We start with the simplest nontrivial Calabi-Yau orientifold, namely the orientifold of the resolved conifold. The resolved conifold X is a noncompact Calabi-Yau threefold which admits a toric description given by the following toric data:
The
Therefore, it is defined as the space obtained from
after quotienting by the U (1) action specified by the charges in (3.3). The involution
leads to an orientifold model whose target X/I contains a single IRIP 2 obtained from the quotient of the IP 1 of X by I. This geometry was first considered in [40, 1] and further studied in [5] .
Let us now put a D-brane in an outer leg of the orientifold geometry. In the oriented
case, the open string amplitude labelled by R is computed by the Chern-Simons invariant of the framed unknot with gauge group U (N ) (see for example [31, 32] ). We want to study now the unoriented case. In order to extract the unoriented string amplitudes, we have to compute both the total amplitudes Z R and the covering amplitudes C R 1 R 2 . Let us start analyzing the covering amplitude. 
where Q = e −t , Z IP 1 is the partition function of the resolved conifold
and the quantities W R 1 R 2 are defined in (A.4). The above quotient of series can be computed in a closed way by using the techniques of [17, 10] , and in fact one obtains two equivalent expressions. The first expression is
where the coefficients C k (R 1 , R 2 ) are given by (A.13) or (A.14). Notice that (3.8) is a Laurent polynomial in q ± 1 2 and a polynomial in Q. There is, however, a second expression for C R 1 R 2 which involves skew quantum dimensions. The derivation uses the representation of the vertex in terms of skew Schur functions given in (A.6). Define first:
where λ is again the Chern-Simons variable (4.4), and the quantum dimension is defined in (A.2). Then we have, after using (A.10),
We now compute the total amplitude for the configuration depicted in fig. 2 . To do this we can use (3.1), where O S is now an open string amplitude given by C ·RS . One finds
where we have used the formula (3.2) to express the amplitude in terms of SO/Sp quantum dimensions. We then see that the total brane amplitude in fig. 2 is given by the ChernSimons invariant of an unknot for gauge groups SO/Sp. To obtain the unoriented piece of this amplitude, we have to subtract the covering contribution, which involves a nontrivial combination of quantum dimensions for U (N ). For a framed D-brane one should simply change 12) since in the covering configuration one has to put the same framing in both legs, by symmetry.
We can now compute f unor R by using the results of the previous section. We will present explicit results only up to three boxes. The first thing one finds is that f 
One can indeed check that, for any integer p, the above polynomials are of the form predicted in (2.30) (they are polynomials in (q 1/2 − q −1/2 ) 2 with integer coefficients).
IP
The next example we consider is the orientifold studied in [9, 5] , with a D-brane located in an outer leg. In this case, the covering space consists of two IP 2 's connected by a IP 1 , with two D-branes in opposite legs (the geometry is shown in fig. 4 ). Let us now define the following operator corresponding to the IP 2 with an outer D-brane:
where S is the representation attached to the D-brane. Using the topological vertex rules we can write, for arbitrary framing p (Z closed is the amplitude without D-branes): and 13) where in the last equation we have singled out the term where all the representations are trivial. As we do not have a closed expression for C S 1 S 2 we have to evaluate Z or order by order in Q and e −t .
Let us compute now Z S by using the topological vertex rules for orientifolds developed in [5] . We find that
Using the results in the previous section, we can compute the functions f c S (q, Q, e −t ). We find the following results at low order, for arbitrary framing p (again we present the results for SO(N )): 
By comparing with (2.30), it is easy to see that the results above have the expected polynomial form with integer coefficients for any p. In contrast to the example above of a D-brane in the orientifold of the conifold, in this example there are nonzero amplitudes with an even number of crosscaps.
SO/Sp Hopf link invariant
Covering geometry Orientifold Using the topological vertex, we find for the covering amplitude (for arbitrary framings p 1 and p 2 ):
To obtain the oriented amplitude from (3.15) we have to identify the moduli P 1 (P 2 )
with P 3 (P 4 ) as explained in (2.35). We can rewrite (3.15) by using the expression of the topological vertex in terms of Schur functions (A.6):
(3.16) By using the identities (A.9), (A.10) and (A.15) we finally obtain that
where we defined the functions 18) and the coefficients C k (R Now that we have our final expression for the covering amplitude, let us look at the full amplitude. The vertex rules for orientifolds developed in our previous paper [5] tell us that, for the amplitude where there are two D-branes in the outer legs, one has (for arbitrary framings p 1 and p 2 )
where we used again (3.2). This time, we see that the total amplitude of the two Dbrane configuration in the orientifold of the conifold is given by the SO/Sp Chern-Simons invariants of the Hopf link.
By substracting the oriented piece from the unoriented amplitude, and using the results of the previous section, we can compute the N c (S 1 ,S 2 ),g,β integer invariants through the f c S 1 S 2 functions. As noted in (2.9) we now expect a slightly different structure for the
functions than the one given by (2.30), since L = 2. Namely, we expect
with the f c S 1 S 2 functions defined as in (2.29).
We obtain the following results for SO(N ):
It is straigthforward to show that for any fixed framings p 1 and p 2 the f functions (3.21) have the structure predicted by (3.20) with integer invariants N c (S 1 ,S 2 ),g,β . Up to the order ℓ(S 1 ) + ℓ(S 2 ) = 3 the contributions with two crosscaps vanish.
Localization computations
In the previous subsections we found many open BPS invariants using the topological vertex prescription of [5] and the structure predictions of section 2. As far as we are aware these invariants have never been computed before. Therefore it would be nice to have an independent check of our results which does not rely on large N duality.
In [9, 5] localization techniques were defined to compute closed unoriented GromovWitten invariants of Calabi-Yau orientifolds. In this section we will extend these techniques to the case of open unoriented Gromov-Witten invariants, therefore providing an alternative and independent way to compute the invariants of the previous subsections.
In
where we added the superscript c for the number of crosscaps. As usual, we can also work in the k basis. In this basis the free energy reads (see [24] ):
where we defined the connected vevs W
, and
we can expand the r.h.s of (3.23) in g s . We find a series with the structure [24] :
is the generating functional for open Gromov-Witten invariants at genus g, with c crosscaps and fixed boundary conditions given by ( 
from the f functions. Such a relation has been deduced in [24] :
where C( k) is the conjugacy class associated to a vector k, which has k j cycles of length j, and χ R is the character of the symmetric group S ℓ . In (3.25) the vector k 1/d is defined as follows. Fix a vector k, and consider all the positive integers d that satisfy the following condition: d|j for every j with k j = 0. When this happens, we will say that "d divides k", and we will denote this as d| k. We can then define the vector k 1/d whose components are 
For configurations with one representation (L = 1), one finds
For configurations with two representations (L = 2), one finds Using the above formulae, we can compute the F
generating functionals and put them in the form of (3.26) by expanding in g s . This will extract the open GromovWitten invariants from our previous results.
I. The SO/Sp framed unknot
The topological vertex gives the following results:
In order to compare with the localization computation, we introduce first some notation. We will consider the following real torus action on the resolved conifold X:
The weights of the torus action on the local coordinates
are given by λ z = λ 1 − λ 2 , λ u = λ 2 + λ 3 , λ v = λ 2 + λ 4 respectively. Note that from the compatibility of the torus action with the antiholomorphic involution it follows that λ u + λ v + λ z = 0. Now we can present the localization results: The contributions of the above graphs are computed according to the rules explained in [9] . We obtain:
The topological vertex gives the following results: For the localization computations, we will use the same notation as in [5] . We present below some of the localization computations we performed. First, we obtain
We present the graphs contributing at degree 2 hyperplane class in the expression above, as well as their contributions. hyperplane degrees respectively. Then, for the same winding vector, at 2 crosscaps we obtain
The two crosscaps configurations were discussed at length in [5] . The graphs come in sets and there is a single set such that the sum of the contributions of the corresponding graphs does not vanish. That set and the graphs contributions are presented below. 
We also obtain
We note that for this geometry we obtain agreement with the vertex computation if we
III. SO/Sp Hopf link invariant
The results obtained from the topological vertex are:
The localization results are:
To obtain agreement with the vertex result for this D-brane configuration, we need to set
. These computations offer strong evidence of the equivalence between the vertex computation and the localization on the moduli space of stable open unoriented maps.
Application: the BPS structure of the coloured Kauffman polynomial
One of the most interesting applications of the above results is the determination of the BPS structure of the coloured Kauffman polynomial. In contrast to the results obtained for orientifolds of toric geometries above, we won't be able to give a full determination of all quantities involved for arbitrary knots, but we can still formulate some interesting structural properties of the knot polynomials similar to those explained in [38, 23, 25, 24] .
We will first recall the results for the coloured HOMFLY polynomial, and then we will state and illustrate the results for the coloured Kauffman polynomial.
Chern-Simons invariants and knot polynomials
Let us consider Chern-Simons theory on S 3 with gauge group G. The natural operators in this theory are the holonomies of the gauge connection around a knot K,
If we now consider a link L with components
defines a topological invariant of the link L. In this equation the bracket denotes a normalized vacuum expectation value, and we have indicated the gauge group G as a superscript.
It is well-known [42] that Chern-Simons produces in fact invariants of framed links, but in the following we will consider knots in the so-called standard framing (see [15, 31] for a review of these topics). The correlation functions (4.2) turn out to be rational functions of the variables q ±1/2 , λ ±1/2 . The variable q is defined as q = e ig s , where g s is the effective Chern-Simons coupling constant 
, and lk(L) is its linking number.
We will call W
(L) the coloured HOMFLY and Kauffman polynomials of L, respectively. Note that there is a slight abuse of language here, since these Chern-Simons correlation functions are not polynomials, but rather rational functions.
BPS structure: statement and examples
In [38] , Ooguri and Vafa extended the duality of [13] between Chern-Simons theory on S 3 and topological strings on the resolved conifold by incorporating the correlation functions (4.2). We will consider the case of knots, although everything we will say has a straigthforward generalization to links. The results of [38] are the following: first, to any knot K ∈ S 3 one can associate a Lagrangian submanifold S K in the resolved conifold.
Moreover, the generating functional of knot invariants
where V is a U (M ) matrix, is the partition function for open topological strings propagating on the resolved conifold and with Dirichlet boundary conditions associated to S K (after some appropriate analytic continuation). Equivalently, we consider M branes wrapping S K , where M is the rank of V , and compute the partition function of topological string theory in this D-brane background. Since open string amplitudes have the BPS structure explained in (2.5) and (2.6), this leads to structure results for the knot invariants
(K) (which play the rôle of Z R ). This is explained in detail in [23, 25, 24] .
The large N duality of [13] can be generalized by considering an orientifold of the two geometries involved in the geometric transition, namely the resolved and the deformed conifold [40] . The deformed conifold is defined by the equation z 1 z 4 − z 2 z 3 = µ and it contains an S 3 . If we wrap 2N branes on the three-sphere, the spacetime description of the open topological string theory is Chern-Simons theory on S 3 with gauge group U (2N ) and at level k (the level is related to the open string coupling constant). We now consider the following involution of the geometry
that leaves the S 3 invariant. The string field theory for the resulting open strings is now
Chern-Simons theory with gauge group SO(N ) or Sp(N ), depending on the choice of orientifold action on the gauge group. The orientifold action on the resolved conifold is given by (3.5). It then follows from the results of [38] and the orientifold action considered in [40] that the Chern-Simons generating functional
where V is again a U (M ) matrix, is the total partition function for open strings propagating on the orientifold of the resolved conifold with M branes wrapping S K . In particular, the logarithm of (4.10) will have the structure explained in (2.15), where the oriented contribution is obtained by considering a covering geometry with both S K and its image under the involution (3.5), I(S K ). We can then translate the structure results presented in section 2 into structure results for the coloured Kauffman polynomial.
The main problem in making this translation precise is that, given an arbitrary knot K, we lack a precise prescription to compute the contribution of the covering amplitude.
The covering amplitude C R 1 R 2 is defined as the oriented amplitude in the covering geometry follows. Let us define the rational functions g R (q, λ) through the following equation 11) and define as well
Clearly, since we are not substracting the covering piece in the l.h.s. of (4.11), we cannot expect much structure for g R (q, λ). However, one has that does not involve at all the covering contributions, and can be computed solely from the SO(N ) invariants, precisely in the way specified by (4.13). We can then formulate the following conjecture concerning the structure of the coloured Kauffman polynomial:
Conjecture. Let g R (q, λ) be defined in terms of the coloured Kauffman polynomial by (4.11) and (4.12). Then, we have that 14) where N c=1 R,g,β are integer numbers. They are BPS invariants corresponding to unoriented open string amplitudes with one crosscap.
In the case of W SO(N) (q, λ), which is the unnormalized Kauffman polynomial, we can be slightly more precise, since we know that C (q, λ) = W U(N) (q, λ), which is the unnormalized HOMFLY polynomial. We then deduce that
On the other hand, it follows from integrality of the oriented amplitudes that . It then follows that the structure of the unnormalized Kauffman polynomial is given by
This structural prediction turns out to be a well-known result in the theory of the Kauffman polynomial, see for example [28] , page 183. One can easily compute N c=1,2 ,g,β for various knots by computing the corresponding Kauffman polynomial. For example, the results of [26] imply that this is doable are torus knots. In the case of U (N ) invariants, this was done in [23] by using the formalism of knot operators [21] and the results of [22] . For SO(N ), the formalism of knot operators was used in [26] to compute invariants in the fundamental representation, but this has not been generalized to higher representations. For torus knots of the form (2, m), however, one can use the results of [39] to write down a formula for the invariants in any representation of any gauge group. The formula reads as follows:
In this equation, C R is the quadratic Casimir
where a is given in (4.5), and ǫ
is a sign which counts whether S appears symmetrically or antisimmetrically in the tensor product R 1 ⊗ R 2 . In case S appears with no multiplicity, there is an explicit expression for this sign given by [35] The results for representations with three boxes are listed in Appendix C.
Although we have focused in this section on the case of knots, it is straightforward to extend the conjecture above to the case of links, and extract the c = 1 piece from the SO Chern-Simons invariants. Framed knots can be also considered by using exactly the same rules that are used for U (N ) invariants [32] .
Discussion
In this paper we extended the results of [5] in order to study open string amplitudes on orientifolds without fixed planes. We found the general structure of the twisted and untwisted contributions, we determined the BPS structure of the corresponding amplitudes, and we checked our results in various examples. We want to remark that, although our main testing ground have been orientifolds of noncompact, toric Calabi-Yau orientifolds with noncompact branes, the general results about the structure and integrality properties of the amplitudes should be valid in general.
One of the motivations of the present paper was to extend the results of [25, 24] on the BPS structure of the coloured HOMFLY polynomial to the coloured Kauffman polynomial.
Although our general structural results on open string amplitudes on orientifolds give a first principles answer to this problem, as it has been made clear in the analysis of the framed unknot and the Hopf link, we haven't been able to determine the covering contribution for arbitrary knots. This is an important open issue that one should resolve in order to obtain a complete picture of the correspondence between enumerative geometry and knot invariants implied by large N dualities.
We have also seen that the predictions obtained from the topological vertex in the unoriented case agree with unoriented localization computations in the examples that we have worked out. It would be very interesting to derive a more general and precise correspondence between these two approaches, following the lines of the mathematical treatment of the vertex given in [6, 27] , and maybe connect the unoriented Gromov-Witten theory sketched here and in [9, 5] , with a moduli problem involving ideal sheaves, generalizing in this way the results of [33] . Finally, our results both in this paper and in [5] cover only orientifolds without fixed planes, and more work is needed in order to understand the general situation from the point of view of topological string theory. In this appendix we will list some useful identities of Schur functions and their relations to the unknot and Hopf link invariants. For a more detailed discussion of Schur functions see for example [30, 12] . Applications of these results to topological string computations can be found in [37, 10, 16, 18] .
Let R be a partition associated to a Young tableau. Let ℓ(R) be the number of boxes of the Young tableau and l i (R) be the number of boxes in the i-th row. We define the quantity
where s R (q ρ ) is the Schur function with the substitution s R (x i = q −i+1/2 ), where i runs from 1 to ∞. W R (q) is the leading order of the U (N ) quantum dimension dim
R (in the sense defined in [3] ). We also recall the general formula for quantum dimensions of a group G:
where Λ R is the highest weight of the representation R, ρ is the Weyl vector, and the product is over the positive roots of G . We also defined the following q-number:
Another important object is
. This is the leading part (again in the sense of [3] ) of the Hopf link invariant W
The topological vertex formula derived in [2] reads
where κ R is defined by κ R = i l i (R)(l i (R)−2i+1). Using (A.1) and (A.4) we can express the topological vertex in terms of Schur functions (this was first done in [37] )
where we have used skew Schur functions defined as
Schur functions satisfy some useful identities. First, we have
and similarly
The two following formulae are also important:
(A.10)
The following result was proved in [10] . Let us define the "relative" hook length
and the following functions
(A.12)
Let us denote the expansion coefficients off R 1 R 2 (q) bỹ
(A.14)
Then it was proved that i,j≥1
Let us now present a useful result proved by Littlewood [29, 30] :
where r(R) is the rank of R. The final formula that we will need reads as follows [16] i,j
from which we can deduce the identities
(A.18)
Appendix B. A useful identity
In our previous paper [5] we conjectured the relation (3.2) between the topological vertex and SO/Sp Chern-Simons expectation values of Hopf links. This identity showed that the new vertex rule introduced in [5] to compute amplitudes on orientifolds agrees with the results of large N SO/Sp transitions. In [5] we only presented a partial proof of this relation; we will now present the full proof. We will only consider here the Sp case for the sake of clarity, but the proof for the SO case is similar.
Let us start by considering ]), we find, after some algebra: Let us first rewrite the Hopf link expectation value in terms of quantum dimensions, using eq. (4.19) of [5] . The r.h.s. becomes:
where we expressed the Sp tensor product coefficients in terms of Littlewood-Richardson coefficients [12] . We can now rewrite the r.h.s. using (B.4) and (A. The term in brackets is exactly the definition of C R T 2 RR 1 in terms of Schur functions (see (A.6)). Therefore (B.11) is equal to the l.h.s. of (B.7) and the identity (3.2) is proved.
Appendix C. BPS invariants for the trefoil knot
In this Appendix, we list the BPS invariants N c=1 R,g,β for representations R with three boxes. for the trefoil knot.
